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Tt 2TH= Rt fagia

(Principle of Mathematical Induction)

**Analysis and natural philosopy owe their most important discoveries to
this fruitful means, which is called induction. Newton was indebted
to it for his theorem of the binomial and the principle of
universal gravity. - LAPLACE %

4.1 @W(Introduction)
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(i) = ¥ 9 FE FEn T FeT €, g, G. Peano
(i) T3 TF TH e B (1858-1932A.D.)

TH YR Ha ° T T wima © e wh wed
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o o6 faadia, s aeh gk feefd o sterem W anuiia i @ e sed
Y% U9 X 99d feufq &l =M o Wad gu weet o e gt ST e
faenfia foran STTan 21 @kt TIfora ® Wi WA e s @ e Sefes foae, el stie
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o & =1 o W1 3T st W, e UH uRem o1 %o e § e T
¥ QU o TSI § e feRan ST €1 U kel i fag %A ok forg fafvre g
W 3 wgfaa fagia € i wfurdte o @t fagia (Principle of Mathematical
Induction) gl 2

4.2 U (Motivation)
TG H, &9 Ul SR 1 U B o T ST shed €, Yge hid © | T

ST fagTd o 7 il §HeM o T, Sed 1 Hifve foh T qael STIARR 2Rl
e T fl W W@ 7, 99 a4 ¥ wsfyid 2

3TTeRTd 4.1

e g 2ed i ke faen & et fean S @t weft et iR s gofa:
gfifyea g o fog for ft ogel iR SdM, gan Seen vt @ fo

() 9o 23 iRl @, 3R

(b) ST T | W6 I < TRl 8, SEeh! Suladi atferd: R 2

Tt iforde A fagid &1 SER 2

B0 WA € b Wieha wEmstl w1 wqeea N arkfas qemsti & foe wita
U= B o |, R %1 G99 Bie Sueqesd N ¥, T frefafea 1o 2

Tk G=Ed S MR @™ (Inductive set) HEA B A€ le S 3R
x+1e SSd wfixe S. HfH N, St foF Tk A Tq==g €, R H1 T8 3
SuET=e ¢, IRoTHa: R fordl off U8 Sumgea ® W st €, N aiterd &g
T gAIfed 2 1
g
o AT o &9 Trehd W@SH 1, 2, 3,....,n, % A o foIT G 9red e =ed § e
T GI AR =3 FATI+2+3FAA MR, n=4%F fAT 1 +2+3+4FH
A 2 € getE| SR w9 A fop 2 forelt wehr 9 98 fovard e & foe 9Rd e

Tfh A1 +2+3+.4+n= n(n;l)ﬂﬁ 2l
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% G aad ° 9 fag R s gt 22 &9, fAfvea & 2 o TeRER WR T,
o quiieh T o fIT e i Teafud #R Tehd 7, fRq 59 iR 1 O n % gl
T o fau g3 1 fag TE T Tohdl T 3T AU Tk UE R et w1 e
2, TSR 99Td 39 YR 1 @ foF T 9 fred o quies o fow oo & fag & s e
o 9% AN e quiteRl o fol T FREX o19H oY fog © Sl €1 3H R
e sjen =1 ot s fafy gR Sc= @HE S gkl B

4.3 TUTAT 3T <hT fagia (The Principle of Mathematical Induction)

Foql HIMT o9 quifes P(n) @ Hag TH a1 wUA 3@ YR 2 %
() n=1 % fau wem g & 31aiq P(1) ¥ B I
(i) A n =k TH qha &, & oI HoH TF 8 @l n =k + 1, o fow o
FUT T € AU P(k) FT Il 1 dcdd & P (k + 1) i G
q: Wl Wiehd W& n ok Y P(n) @A €
O (i) W e BT e g1 UE uRfEfadl ot e wendl € S n >4 gt \E
o fau wem @ B 39 feafa o, 9o =R00 =4 9 IRY BW AN eW g @l
n=4 o fau s7iq P(4) St &l
1 (ii) iesiferd qorerd @1 Fe FesEgds T2 sed & @ wem n =k % fow T R,
g Shecl SA HEdl € foh AR T8 n=k o T weF A €, dl n= k+ 1o fog o
W%Isﬂwwﬁaﬁwmaﬂﬁ%mwmw(conditional
proposition) %! g W €: “Af n=k ok fTU oA TA B A T n=k + 1 & AU
ft g1 2”1 39 Fefi-F+ft STH T =ROT (Induction step) el Sl 21 29 A
T H ‘n=koh fau wUF 9 2! H AfquRon (assumption) 3TRTHA CIRCIC )
(Induction hypothesis) gt 2l
SETERoNe : T H SgeT Tk G Giel ST Hehal @ S fehdt U o e B R,
=l
1=12 =1
4=22=1+3
9=3=14+3+5
16=4=1+3+5+7, 3|
e S o6 gom < faom wieha wemet &1 @ fgdia greha den @1 o ®, e A
farom Wrepa WS 1 AN A Wiehd W@ 1 o ¢, gAIfEl 37 39 Yed 4 wdfta B
g fom
1434547+ ...+ @2n—1)=n?, Aq
T foITH Wrehd WS 1 AT w1 A
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e efifse f&

Pn):1+3+5+7+..+2n-1)=n?

T4 g &3 9'd € 56 P(n), n o Gt 9l o forg g1 21 fordig s &
TN ATt ITUfa oF Yer| S0 6 P(1) i 9 fag i €1 39 W07 1 gl TROT Fed
%IW%:

1 =123 P(1) T 21
STTAT =07 AT =0T (Induction step) el 2l qﬁWWW%WP(k)
Tcd B el k,Teh Wiehd HEA § 3 EH P (k + 1) ! Al TG T 1 SAagdehal
2 @it P (k) 9T ®, 37:

Pk :1+3+5+7+...+Qk-1D=Fk (D
P (k+1) W fo=ar &ifsT
Phk+1):1+3+5+7+..+Qk—1)+{2(k+1)-1} (2
=k2+ Qk+ 1) [(1) 3 T3 9]
= (k+ 1)?

AT, P (k + 1) Ted & 31R 376 e Squfa gof g2
1q: weft Wik wEmet n % oY P(n) @ €

SR8 1> 1% fou, fag sy

124224 324 424+ 1 =W‘
o1 AWM difee fm o ®eUm P(n) @, g
P(n): 12422432+ 424+ n? =w
o 1% FT PO 1o 1(1+1)(62><1+1)= 1><§><3=16|>ﬁ1\m%|
et o quies ko fau swew HIfSTT & P(k) 9 @, etefq
124224324 424+ K2 =w (1)

3@ en g ®a f6 P(k+ 1) o1 2,
(12 +2% 432 +42 +.. .+ )+ (k+1)?

L DD [(1) % i ]
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_k(k+D) 2k +D+6(k +1)°
a 6

_ (k+D) (k> +7k+6)

- 6

_ (kD +1+D{2(k+ D +1}
- 6

T YT, P(k + 1) 99 © 5a &1 P (k) 94 2
a: ot oA fagia ° @l Wieha Emei N o fau e P(n) 9 2l

SEENUT 2 |t ¥ quiteh n o ot fag wifse f 20>

el HH ST R P(n): 2" > n
e n=1, 2'>1. 3@: P(1) 9 Bl
FHeql Hifey & el o= quis k& faw P e @ steiq
P(k) : 2F > k (D)
a1e &9 g 0 fF P(k +1) @ & 9 %t P(k) 99 2|
(1) < S vafi H 2 1 TON A W EH
2.2¢> 2k W H 2l
1 2k S 2k =k +k>k+1
AT, P(k + 1) G © 59 et P(k) T €1 37d: O STTHA 511, Toish o qurieh
ne foag P(n) 93 B

saretnr 3ad gk x> 1 & fou, fag +if:
111 1 n

+...+ =
1.2 23 34 nn+1) n+l1-

el WM eitoe for fean oM P(n) © den &9

1 1 1 1 n

S — ..+ =
Pm): 15753734 n(n+1) n+l

e

T YHR P(l):i=l=L,GﬁWW%I?:!?T:P(n),nzléh‘mw%l
12 2 1+l

HeqAl Hifery o quier ko fau P(k) o ©
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tror otk
et 12 23 34 7 k(k+1l) k+1 - (D)

THP(k + 1) &1 T g &3 & 59 P(k) 93 81 39 3q Frefafad w fomr s

1 1 1 1 1
—t—t—+..+ +
1.2 23 34 k(k+1) (k+1)(k+2)

111 1 1
= | —F—+—+..+ +
{1.2 23 34 k(k+1)} (k+1)(k+2)

k |
= %+l krD(k+2) [(1) % w5
k(k+2)+1 (K> +2k+]) (k+1)° (k+1)  (k+1)

T k+D(k+2) T kDR T (k1) (k+2)  (k+2) (k+1)+1

T YhR HEAP(k + 1) Tcd & S8 H91 P(k) § B 37 ot e fagra g |t
ikl n>1 & T P(n) ¥ 21

SETEIUT 4 Y% oA Ui n o foaw, fag wifse & 7030, 4 9 fafsm e 2

el OH offSu fean wem Pn) € steiq
P(n): 7"—3", 4 ¥ fawfsa 2
T U €
P(1): 7'-3'=431 fF 4 § faqfea &1 21 39 9K P(n), n= 1 o folT I 21
FHe T foF T o7 qulleh k% foIw P(k) 9 €,
arerfd, P(k) : 75— 3%, 4 © fasfsa g 2
37q: en foa@ Whd € 7 -3t =4d, @l de N.
e, g9 g =% =ed € P+ 1) 3 ©, S w4 P(k) & 2
A J 3D = kD 7 3k 4 73k 3k D)
= 7(7% = 3% + (7 - 3)3*
= 7(4d) + (7 - 3)3
= 7(4d) + 4.3* = 4(7d + 3
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g dferd @ &9 <@d € T 7¢+) —3¢+D, 4 § fawifed e 81 39 9, Pk + 1) 9F
2 & 90 P(k) T B gEie, Tt S fagia @ Yeksh oA quiieh noh feTd e
P(n) 9 I

SETET0T 5 W Wieha Wemst n & fau fag wifNT R (1 + 1) 2 (1 + n), @I
x>-1.

T 9 ey T fen e P(n) @

37eAiq P(n): (1 +x)>(1 +nx), x>— 17 fau

& n=1,P(n) T T FiH (1+x) > (1 +x) S x>—1 % fog g
HEYAT ity fw
P(k): (1 +x) > (1 +kx), x>— 1 G 2l o (D

9 g9 g e =ed © S P(k+ 1) @3 €, x> -1 o foaw, s/ i P(k) 93 21
o (2)
TEaEaT (1 +x) 1= (1 +x) (1 +x) R fo=r =ifsu)
fe @ 6 x>—1,39 YHN (1+x) > 0.
THferT (1 + %) > (1 + kx), 1 JAT T 89 90 &,
(1+x) 51> (1 + kol +x)
37eAiq (1 + 1> (1 +x+ kx + kx?). E)
Tl k Toh Wihd W@ § 3R ¥ 2039 TR k@ 0. THfT,
(1 +x+kx+kx®) > (1 +x + kx),
3R T TFR, TH T FWQ ©
(I +x¢*Y >0+ x+ kx)
37Aiq (I +x)¢" > [1+ (1 + k]
30 YN, e (2) Tog g 21 ora: T s fagid § |l Wik geme o o
fa P(n) 9 21

3aTE0T 6 Tog #IfST fF 9t ne N faw 2.77+ 3.5 5,24 9 99 21

T HH ST fF %o P(n) 39 YR uRwfid © fF
P(n) :2.7"+3.5'— 5,249 w59 ©

& n=1% AU P(n) T T 89 94 ©
27+35-5=24< f&F 249 97 B
FEU HIFAT fF P(k) T B
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37Aiq 2.7 +35¢-5=24¢, Sk ge N (D
9 g4 g & 9'd © Pk + 1) T 21 5/ &9 P(k) 99 2
T UW T,
2.7 43551 _5=275. 7" +3.5.5 -5
=7[27*+35-5-35+5]+35.5-5
=7[24qg—-3.5"+5] + 15.5* -5
=7x24g-215+35+15.5-5
=7 x 24q — 6.5 + 30
=7 %24 -6 (5 - 5)
=7x24g -6 4p) [(5*=5),4 =1 o € (F?), pe N
=7 x24q - 24p
=24 (79 - p)
=24xr,r=7q—p,3|ﬁ§9@'_cfﬂ@T%| .. (2)
ISk (1) 1 <@ 9 24 @ 9T R
T TN, Pk + 1) T B, 5@ ®91 P(k) T &1 1: g e fagia 9, @i
ne N& fau P(n) ¥ 2l

m7fﬂ§3ﬁﬁ|’qﬁﬁz

3
n
12+22+ ...+ n? >?,neN

T " offsre fe fe weM P(n) B,

3
FAA, P(n) : 12+ 22 + ... + 12 >%, ne N

3
T @M 3§ R on= 1% faw, P(n) ¥ € FifE P(1): 17 >%
el HIST T Pk) 99 ¢,

3

k
A, P(k) : 12+ 22+ ..+ K2 > 5 . (1)

319 &1 fag &0 6 P+ 1) 9 © 5@ &4t P(k) 99 B
TH U S, 12+ 22+ 3+ .+ K2+ (k+ 1)

3

=(12+22+...+k2)+(k+1)2>%+(k+1)2 [(1)%F ST 4]
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[ + 3k> + 6k + 3]

W | —

1
[(k+ 1)+ 3k + 2] > g (k+ 1)

(OSSR

39 YR, P(k + 1) T €31 51& &l P(k) T €1 37d: 09 I §R ne N o foag
P(n) 9 I
SETETUT 8 Y% UIihd W@ n o faw T oWmH fagia g =miel @1 fem
(ab)" = a"b" Tag =IfST
o UF ifse f&n swed P(n) 1
A P(n) : (ab)" = a'b".
T I 34 € Tk n=1 % faIw P(n) &4 8, 3% (ab)'= a'b'.
FHETAl HIFTT P(k) T ©

FAQ (ab)* = ab* (D
&9 fag & 6 Pk + 1) 99 € 5@ T Pk) &F 21
e, B9 U ¥,
(ab)<*' = (ab)" (ab)
= (a* b") (ab) [(1) 9]
=(d" . a") (b*.b"
= ght! | pkH

TEMAT, Pk + 1) T 8 5& heft P(k) | B1 37a: g 31 fagia g1 qedish Wik
e n o fau P(n) 94 2l

yyAtaet 4.1

T ne No fau nfordg smme fagia & vam g fog wifse fa:

()

1. 1+3+3+...+3" 1= 2

n(n Jrl)j2

2. 13+23+33+...+n3=( >

1 1 1 2n
+ + +..4 =
1+2) (1+2+3) A42+3+..0) (n+1)°

3. 1
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15.

16.
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nn+)(n+2)(n+3)
4

1.23+234 +...+ n(n+l) (n+2) =

Q2n-1)3"+3
4

n(n+1)(n+2):|

13+232+333+...+n3'=

1.2+2.3+3.4+...+n(n+1)={ 3

n(4n2 +6n—-1)
1.3+35+5.7+..+2n-1)2n+l)= ——

3
1.2+222+322+ .. 4n2"=(n-1)2"*' + 2
1 1 1 1 1
—t+—4—+..+—=1-—
2 4 8 2" 2"
R ! n

+—+—+.+ =
2.5 5.8 8.11 Bn-1)(Bn+2) (6n+4)

1 1 1 1 n(n+3)
+ + ot =
123 234 345 nn+D(n+2) 4n+1)(n+2)

a(r" —1)

r—1

[1+§j [1+§j [1+ZJ ...[1+(2”+Dj:(n+1)2
1 4 9 n’
[1+1j [1+lj [1+1J ...[1+lj:(n+l)

U 2) U3 n

n(2n—1)2n+1)

a+ar+ar*+..+ar' =

12432 +52 + ..+ (2n-1)7 =

3
11 1 n
— el 4+ =
1.4 47 17.10 Gn-2)3n+1) Gn+l)
[ 1 n

.ot =
35 57 179 2n+1)2n+3) 3(2n+3)

2020-21



104

18.

19.
20.
21.
22.

23.
24.

Tfora

1
142+4+3+...+4n< §(2n+1)2

n(n+1)(n+5), 9O 3 %1 TH N 2l
10!+ 1 5@ 11 9§ 96 @)
-y (x+y) " I B
3242 _gn 9, W& § W 9T T
41"~ 147, G 27 %1 TH O 2|
Rn+7) <@+ 3)
qrRIST
¢ TfodE fod &1 TF got SR T faeea 71 e o fawd,
smmafTe foeem, f9=1 Seneti o T g U SIgAId HeF fawfad e
W AR X 7, Teaw o T TH <90 HT Y01 7 HL foran w4
& g e fagid Tk tE weE € e wE fafay geR e i
FHe i fag & & AU foman <1 ghar T1 o9 Uikl @ Gl 39 THR
o Y ST i P(n) W d €, EHT Hedl n= 1 ok fow Si=l St 2
3Ok A% fREt o9 quife k, & T P(k) 1 T & AF F P (k+1) Fi
T fag e €

AfeTiaes. gYhy

I Heheuel SR fafea o foadia o smme grr suata ferelt safem forwiw
g et Tafyea e o femen o enfospr & R1 @@ v wman ® TR wiforde
3T fa§Td Phythagoreans 1 STd &l T SAMTHA fagTd o IR &I h1
99 HIEE TS Blaise Pascal 1 f&@n Sl €1 W ¥5 1 WA SIS
T John Wallis = {2 ol 1% # 39 fagid 1 7@ fgug g9a &1 394t
I 3 | foRaT M1 De Morgan 7 T o6 &= § fafy= fowai w sga aree
foran 21 = Tt = 9, f=id 30 uftfia foran @ ok wifvrdar smee = fean
%HWWW%ﬁWEﬁW%WDeMorganWﬁW
faerfaa feram

G. Peano = TIsqdl Herl SATHRONS o6 AN §RI Wishd W&ATS o TON i
Heafa & H1 Sl foran, f= o fuamt & sifudia sed €1 faml &
AR W W ek 1 YR TR AT T TG R
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